Explicit expression for quasi-triviality of scalar non-linear PDE is under consideration.
Introduction
Recall that the Korteweg-de Vries (KdV) equation
and the modified KdV (mKdV) equation u t = f (u)u x + ǫ a 1 (u)u xx + a 2 (u)u 2 x + ǫ 2 a 3 (u)u xxx + a 4 (u)u xx u x + a 5 (u)u 3 x + · · · , (1.5a) f (u) ≡ 0.
(1.5b)
Here, ǫ is a parameter, and f (u), a 1 (u), a 2 (u), · · · are given smooth functions of u. Following [15, 25] , we say that a change of the dependent variable of the form
is a Miura type transformation, if W ′ (u) ≡ 0 and W [k] is a degree k homogeneous differential polynomial of u. Here, u j := ∂ j x (u) is assigned the degree: deg u j = j, j ≥ 0. All Miura type transformations form the Miura group.
The ǫ → 0 limit of equation (1.5)
is an evolutionary PDE of hydrodynamic type [13] . The simplest non-trivial example is the dispersionless KdV equation (aka the Riemann-Hopf equation or the inviscid Burgers equation):
This equation is NOT equivalent to the KdV equation (1.1) with ǫ = 0 under the Miura group action. However, there exists a remarkable invertible transformation [3, 15, 25] 
(1.9)
transforming (1.1) to (1.8) . Such a transformation is called a quasi-Miura transformation [15, 25] . We mention that the difference between Miura type and quasi-Miura transformations is simply that the latter allows rational and logarithmic dependence in v x . We also mention that ∂ x = j≥0 v j+1 ∂ v j = j≥0 u j+1 ∂ u j . A scalar evolutionary PDE (1.5) is called quasi-trivial or say possessing quasi-triviality, if it can be transformed to its ǫ → 0 limit via a quasi-Miura transformation.
Liu-Zhang's Theorem [25] . For an evolutionary PDE of the form (1.5) with f ′ (u) ≡ 0, there exists a unique (under some homogeneity condition; see Theorem 4.3 of [25] ) quasi-Miura transformation reducing (1.5) to its dispersionless limit.
In this article we consider the following problem.
Problem A. Give an explicit expression of quasi-triviality of the KdV equation (1.1).
This problem is algebraic, but the solution turns out to be topological. Before presenting a solution to Problem A, we recall some standard notations. For j ≥ 0, denote v (j) = v j := ∂ j x (v). By a partition λ, we mean a non-increasing sequence of non-negative integers (λ 1 , . . . , λ ℓ(λ) , 0, . . . ), where ℓ(λ) denotes the length of λ, and λ 1 ≥ λ 2 ≥ · · · ≥ λ ℓ(λ) are the nonzero components of λ. The set of all partitions is denoted by Y. Denote by |λ| := ℓ(λ) j=1 λ j the weight of λ, by Y k the set of partitions of weight k, and by m i (λ) the multiplicity of i in λ, i ≥ 1. Denote also
The partition of 0 is denoted by (0), with ℓ((0)) := 0 and |(0)| := 0. For any λ, µ ∈ Y, define λ + µ := (λ 1 + µ 1 , λ 2 + µ 2 , . . . ). Define λ + 1 := λ + 1 ℓ(λ) if λ = (0), and (0) + 1 := (0). For an arbitrary sequence of indeterminates q 1 , q 2 , . . . , denote q λ := q λ 1 · · · q λ ℓ(λ) if λ = (0), and q (0) := 1. Introduce also some integers: For any λ, µ ∈ Y, define
We note that Q λµ = 0 unless |λ| = |µ|, and call Q λµ |λ|=|µ| the Q-matrices. 
(1.14)
Here, τ λ+1 are intersection numbers of ψ-classes on the Deligne-Mumford moduli spaces.
The proof is in Section 4.
The following three more problems will also be considered.
Problem B. Give an explicit quasi-triviality of the intermediate Long wave (ILW) equation
Here B 2g denote the Bernoulli numbers, defined by
Give an explicit quasi-triviality of the discrete KdV equation
Give an explicit quasi-triviality of the Burgers equation
We remark that for an integrable PDE of the form (1.5) with f ′ (u) ≡ 0, the quasi-triviality of this PDE is always the property of the whole corresponding integrable hierarchy.
We will see from solutions to the above problems in Sections 4-5 that the associated essential numbers to each problem (the primitive Hodge integrals for the case of Problems A,B,C, and enumeration of graphs with valencies ≥ 3 for the case of Problem D) are all contained in a simple nonlinear equation (KdV, ILW, discrete KdV, Burgers, respectively); this is revealed by Liu-Zhang's theorem and by the so-called inverse Q-matrices (see Definition 2.7 below).
Organization of the paper. In Section 2 we review the topological solution to the Riemann hierarchy. In Section 3 we review the construction of Hodge hierarchy. In Sections 4-5 we give solutions to Problems A-D. Concluding remarks are given in Section 6.
Riemann hierarchy and Q-matrices
The goal of this section is to do some preparations for the later sections. Recall that an evolutionary PDE of the form
is called an infinitesimal symmetry of (1.5) if
Following 
gives an infinitesimal symmetry of (1.8). Let us look at a particular sub-family in these infinitesimal symmetries
Observe that equations (2.3) commute pairwise, i.e., We will be interested in solutions of (2.3) in the formal power series ring C[[t]]. Indeed, consider the initial value problem of (2.3) along with the initial condition:
Here, the condition 
] to the Riemann hierarchy (2.3), we have
, (2.10)
Here k 1 , k 2 , . . . , ≥ 0. The lemma is then proved by noticing v
Proceed with a simplification of (2.8). Applying ∂ m x on the both sides of (2.8) we obtain
where we recall that v
The following shorthand notations will be used:
The Taylor expansion of v(t) with respect to x then reads
Lemma 2.3 For m ≥ 1, the following formula holds true:
(2.14)
Proof For m = 1, we know from (2.12) that
where the last equality uses Newton's binomial identity:
the Lagrange number associated to µ. The first few Lagrange numbers are
Using the Lagrange number we can write formula (2.14) as
The following formulae hold true:
(2.18)
We remark that both (2.16) and Lemma 2.4 can also be proved by Lagrangian inversion.
Definition 2.5 For any two partitions λ, µ, define Q (0)(0) := 1, and define
For k ≥ 0, we call Q λµ |λ|=|µ|=k the Q-matrices.
Lemma 2.6
The following formula holds true:
Proof For any partition λ ∈ Y, we have
The lemma is proved.
Definition 2.7 Define Q (0)(0) := 1, and define
where µ, ρ are two arbitrary partitions. We call (Q µρ ) |µ|=|ρ| the inverse Q-matrices.
Lemma 2.8
Proof For any partition µ ∈ Y, we have
b) The Q-matrices Q λµ |λ|=|µ| and the inverse Q-matrices (Q λµ ) |λ|=|µ| are upper triangular with respect to the reverse lexicographic ordering. c) Q λµ are integers and Q λµ are positive integers. 
The assertion f) is then proved by noticing that 1
The first several Q-matrices and inverse Q-matrices are given by 
Hodge integrals and integrable hierarchies: a short review
Let M g,n be the Deligne-Mumford moduli space of stable algebraic curves of genus g with n distinct marked points. Here the non-negative integers g, n should satisfy the stability condition
Denote by L i , i = 1, ..., n the i th tautological line bundle on M g,n , by E g,n the Hodge bundle on M g,n , by ψ i := c 1 (L i ) the ψ-class, and by λ j := c j (E g,n ), j = 1, . . . , g the j th Chern class of E g,n . The following integrals
are some rational numbers, called Hodge integrals of a point. Here n, m ≥ 0, k 1 , . . . , k n ≥ 0, j 1 , . . . , j m ≥ 1. From the degree-dimension counting, these rational numbers vanish unless
3)
The case m = 0 in (3.2) gives the Gromov-Witten (GW) invariants of a point. For this case, the degree-dimension counting reads k 1 + · · · + k n = 3g − 3 + n. So one could simply write τ k 1 · · · τ kn g as τ k 1 · · · τ kn , which are the numbers used in (1.14).
It is appropriate to collect Hodge integrals into generating series. The genus g Hodge potential associated to λ i 1 · · · λ im is defined as the following generating series of Hodge integrals:
where t = (t 0 , t 1 , t 2 , . . . ). Denote by ch r := ch r (E g,n ), r ≥ 0 components of the Chern character of E g,n . We call the generating series
the genus g Hodge potential.
Here s = (s 1 , s 2 , . . . ). The restriction H g (t; 0) =: F g (t) is called the genus g GW potential. We also define the Hodge potential H and the GW potential F by
Their exponentials
are called the partition functions of Hodge integrals and of GW invariants, respectively. It was conjectured by Witten [28] and proved by Kontsevich [23] that Z is a particular tau-function of the KdV hierarchy (the Witten-Kontsevich (WK) theorem). Z is now also known as the WK tau-function. Define D k as the following linear differential operators [17] :
Faber-Pandharipande [17] proved that the partition function of Hodge integrals Z E (t; s; ǫ) is the unique power series solution to the following linear equations
along with the initial condition Z E (t; 0; ǫ) = Z(t; ǫ). This unique solution has the form
Lemma 3.1 The power series Z E satisfies the following two linear equations:
Proof We have
where γ = λ i 1 · · · λ i ℓ , i 1 , . . . , i ℓ ≥ 1 (γ := 1 if ℓ = 0), and γ τ j 1 · · · τ jn g := 0 if {j 1 , . . . , j n } contain negative integers. It should be noted that there are two exceptional cases:
(a) g = 0, n = 2, γ = 1. We have τ 3 0 0 = 1.
(b) g = 1, n = 0, γ = s λ 1 . We have
They correspond to the terms
24 Z E in (3.10), respectively. This proves the string equation. Similarly, one can show that
(3.14)
There is one exceptional case: g = n = 1, γ = 1. We have τ 1 1 = 1 24 . This proves (3.11). We call γτ k 1 · · · τ kn g a primitive Hodge integral of a point, if k 1 , . . . , k n ≥ 2. In [15] Dubrovin-Zhang (DZ) introduced the quasi-triviality approach to construct the integrable hierarchy for Gromov-Witten invariants of an arbitrary smooth projective variety X with semisimple quantum cohomology. For the case X = a point, the DZ hierarchy coincides with the KdV hierarchy. The interesting fact is that one particular solution can contain the full information of the unique integrable system [15, 10, 6, 11, 12] . Recently, the integrable hierarchy for Hodge integrals called the Hodge hierarchy (aka the DZ hierarchy for Hodge integrals) was constructed in [11] (see also [6] ) by using the quasi-triviality approach. Let us review the construction. The genus 0 and genus 1 Hodge potentials have the form 
where
By Lemma 3.2 we know that the change of the dependent variable
is a quasi-Miura transformation. Here ∂ x = k≥0 v k+1 ∂ v k . The Hodge hierarchy is defined as the PDE system obtained from the Riemann hierarchy (2.3) under the quasi-Miura transformation (3.20) . Each member of the Hodge hierarchy is proven to have the form (1.5), and so is integrable [11, 6] . We note that the uniqueness part of Lemma 3.2 was implicit in Theorem 1.3 of [11] . (It can be deduced from the statement in Theorem 1.3 of [11] that H g is independent from the choice of a solution; or, it can be directly proved by using an argument similar to that appears in the proof of Theorem 4.2.4 in the first arXiv preprint version of [12] , which uses essentially the "transcendental property" of v top (t).)
Theorem ( [11] ). Z E is a particular tau-function of the Hodge hierarchy.
Lemma 3.3
Proof Take v = v(t) = v top (t). Equation (3.10) implies that for g ≥ 2, p≥0 t p+1 ∂Hg ∂tp = ∂Hg ∂t 0 . Substituting (3.17) in this equation and using the Riemann hierarchy we obtain
Substituting equation (2.7) with c p = δ p,1 in the above equation we arrive at (3.21).
We now formulate a theorem providing more accurate expressions for H g , g ≥ 2.
Theorem 3.4 The genus g Hodge potentials have the following expressions:
Here, M g , g ≥ 1 are defined in (1.13)-(1.14), and v(t) = k≥1
Proof The g = 0, 1 cases are already in Lemma 3.2. For g ≥ 2, we have
Here, γ := ch 2i 1 −1 · · · ch 2im−1 , i 1 , . . . , i m ≥ 1 (γ := 1, if m = 0). By definition we know that
According to Lemma 3.2 there exist functions H g (γ; v x , . . . , v 3g−2 ) such that
Substituting the dilaton equation (3.11) into (3.29) we obtain
Here we have used Newton's binomial identity (1
Finally, due to Lemma 3.2 and Lemma 3.3, H g (γ; t) must have the form
Taking t 0 = 0 we have
(3.33)
Comparing equations (3.31) and (3.33) we find
The theorem is proved. 
Noting that
we have
Example 3.7 γ = λ g . The λ g -conjecture proven for example in [17] tells that
Therefore,
Noting that due to e) and f ) of Lemma 2.9, Q λµ satisfy the following property:
Hence we obtain
Example 3.8 γ = λ g λ g−1 . Getzler-Pandharipande [18] proved that for k 1 , . . . , k n ≥ 1,
Therefore we have
Solutions to Problems A,B,C
In this section we provide solutions to Problems A,B,C using the Witten-Kontsevich theorem, Buryak's theorem [5] , and results of [12] , respectively.
A solution to Problem A -Proof of Theorem 1.1. Using Theorem 3.4 it is easy to verify that H 1 (v x ; 0) = M 1 (v x ) = 1 24 log v x , and
By using the Witten-Kontsevich theorem and Lemma 3.2, we know that For ℓ(λ) = 1, it is well-known (see for example [16] ) that
For ℓ(λ) ≥ 2, a recently formula [4] gives
Here for a permutation r = [r 1 , . . . , r ℓ ] in S ℓ , r ℓ+1 := r 1 , and
A solution to Problem B. Let Λ g (s) := g i=0 s i λ i be the Chern polynomial of the Hodge bundle. By using Buryak's theorem [5] and Lemma 3.2 we know that 
with the Miura type transformation
gives the quasi-triviality of the ILW equation (equivalently of the whole ILW hierarchy)
5 Quasi-triviality of the Burgers hierarchy
The Burgers hierarchy
is an integrable deformation of the Riemann hierarchy, whose first member coincides with the Burgers equation (5) . Here, as before we identify t 0 with x. We call a function τ = τ (t; ǫ) a viscous tau-function for the Burgers hierarchy if τ satisfies
For τ (t; ǫ) being a viscous tau-function for the Burgers hierarchy, one can check that the function u = u(t; ǫ) := ǫ ∂ x log τ (t; ǫ) satisfies (5.1). So we also call τ the tau-function of u.
On the other hand, for any fixed solution u = u(t; ǫ) ∈ C[[t; ǫ]] to the Burgers hierarchy, the tau-function τ ∈ C((ǫ)) [[t] ] of u exists, and is unique up to multiplying by a non-zero constant (which can depend on ǫ). The partition function Z 1D (t; ǫ) of 1D gravity (toy model of quantum field theory)
is known to be a particular viscous tau-function 1 of the Burgers hierarchy. The logarithm of Z 1D (t; ǫ) admits the expansion log Z 1D (t; ǫ) =:
By a direct computation of the Gaussian-type integral one obtains
It follows that the initial value of the solution u 1D corresponding to Z 1D (t; ǫ) is given by
The series v 1D (t) := ∂ x F 1D 0 (t) satisfies the inviscid Burgers hierarchy (coinciding with the Riemann hierarchy), whose initial value reads
Therefore v 1D (t) = v top (t). For g ≥ 1, the following expressions for F 1D g are known [29] : t λ(Γ)+1 |Aut(Γ)| (1 − t 1 ) E(Γ) , g ≥ 2.
(5.9)
1 Z 1D (t; ǫ) is also a tau-function of the KP hierarchy, where the KP times T1 = t0, T2 = t1, T3 = t2, . . . . 
Conclusion
Quasi-triviality of the Hodge hierarchy of a point and primitive Hodge integrals of a point are related via Q-matrices. The relation consists of two parts.
Part a).
From Hodge integrals to quasi-triviality of the Hodge hierarchy. I.e., one can use primitive Hodge integrals to represent quasi-triviality of the Hodge hierarchy: 
